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An examination is made of a plane stationary heat conduction problem 
with mixed conditions assigned on the edge of a semi-infinite plate. 
There is a temperature field in the plate due to the action of a point 
source of heat located inside the plate. 

The p rob lem is solved in a r e c t a n g u l a r  sy s t em of 
coordinates ,  the y axis being pe rpend icu l a r  to the plate 
boundary .  A source  of heat  of in tens i ty  W is located at 
the point  with coordina tes  x = 0, y = b (see the f igure).  

In this paper  the t e m p e r a t u r e  f ield is de t e rmined  
for the ease  when the heat  flux is given at the boundary  
of the plate in a ce r t a in  region,  and the t e m p e r a t u r e  is 
given outside this region.  The base  of the pIate is 
t h e r m a l l y  insula ted .  

Locat ion of a heat  source  W in 
the coordknate s y s t e m  r e f e r r e d .  

The in tegra l  t r a n s f o r m a t i o n  method is used to solve 
the p rob lem.  

We require to solve the differential equation of heat 
conduction 

02T O~T I,V 
- -  4- - -  6 (x) 6 (y - -  b) (1) 

Ox 2 O f  k 

with boundary  condit ion 

T(x, 0 )=T0  (x) for I x l > a ,  

OT (x, 0) -- a(x) for - -  a ~ x .~ a, (2) 
@ 

where  T0(x ) and G(x) a re  given funct ions.  
Applying a F o u r i e r  t r a n s f o r m a t i o n  [1] to Eq. (1) 

with r e spec t  to x and taking account  of the condi t ion at 
infinity,  we obtain an inhomogeneous d i f fe rent ia l  equa-  
tion of second order for the functior~ T; this having the 
solution 

~(~, y ) =  Q e x p [ - - ( b - - y ) / ~ l ] - i -  

+Be• l~ [ for O~.gy<-<-b, 

T~(~, y) = (Q/2 ] ~ ] -}- B) exp [ --  (!j - -  b)I ~ II for  g >/b. (3) 

Here D is a funct ion d e t e r m i n e d  f rom the boundary  

condi t ions ;  ~ (~, y) is  the F o u r i e r  t r a n s f o r m  of the fun-  
et ion T(x, y); Q = W/27rk 1/2. 

Applying the i nve r se  theorem for the F o u r i e r  t r a n s -  
format ion  for the f i r s t  equation (3), and d i f fe rent ia t ing  
the r e s u l t  with r e spec t  to y, we sa t is fy  the boundary  
condit ions (2). 

Thus, we a r r i v e  at the dual in tegra l  equat ions  

i 1 dTl(~, 0) exp ( - -  i g x) d ~ = 
V ~  dy 

= G(x) for - -a .~<x~<a,  
co 

1 ; T I ( ~ ,  O ) e x p ( - - i ~ x ) d ~ =  

--oo 

=-T O (x) for Ixl > a .  (4) 

Because  of s y m m e t r y  of boundary  condit ions and of 
the locat ion of the concen t ra ted  heat  source  with r e -  
spect  to the y axis, the funct ions T~(x, 0) and [dTt(x , 
0)] /dy will be even funct ions with r e s p e c t  to x in the 
in te rva l  ( - %  ~o). Therefore ,  the F o u r i e r  cosine  
t r a n s f o r m  of the funct ion Tl(x, 0) and [dTl(x , 0)]/dy 
will coincide with the F o u r i e r  t r a n s f o r m  of these  func-  
t ions .  

Taking account  of the r e l a t i on  

COS ~ X = (n~ X/2) U2 J_u2(~ X) 

and in t roducing  the new va r i a b l e s  

9 = x/a, u = a ~, 

the dual in tegra l  Eqs. (4), af ter  some calcula t ions ,  
take the form 

t~ug (u)J_b, 2 (9 u) du = h (a p) for 0 .~ p ~< 1, 
0 

Here 

t g (u)J_ ,:2 (,o u) du == 0 for 9 > 1. (5) 

,E(+) g (u) = - ~  2 B exp 

fl(u/a) is a Hankel transform of order 1/2 of the 

function 

.~ (a O) = l/-~To__(a p) _ 
l : p  

cv 

l" aa2 Q f exp ( %(__bu/a).j_l/2 (9 u) dtL; 
0 I A 2  

(7) 
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1 iue~x ( u )Y_l/2(pu)du; (8) a ~ 
0 

f l l (u) /a  is a Hanke l  t r a n s f o r m  of o r d e r  1 /2  of the  f u n c -  
t ion  a 3/2 To~tp)/pl/2. 

Using  the s o l u t i o n  of r e f e r e n c e  [2], we  f ind the d e -  
s i r e d  func t ion  

g(u)  = 

I !. 3 t I 1 

--- - -  p, g o ( ~ u )  h ( a ~ ) ~ -  (I - - ~ )  d~. (9) 
0 

Returning to the old variables and using formulas 
(3), (6), and (9), and the inversion theorem for the Fou- 
rier cosine transformation, we find the stationary tem- 

perature field in the semi-infinite plate: 

T~(x, V ) = [ / 2 - ~ T - , ( ~ ,  V)cos[xd~ fo r  0 4 v 4 b ,  
0 

oo 

T 2 ( x , ! / ) = ] / 2 ~ j ' T e ( ~ ,  / ] )cos~xd~ f o r  ! /> /b .  (a0) 
0 

We sha l l  e x a m i n e  the c a s e  when  a s e c t i o n  - a  -< 
_< x <_ a is  t h e r m a l l y  i n su l a t ed ,  o r  the  t e m p e r a t u r e  i s  
e q u a l  to z e r o  a t  a n o t h e r  s e c t i o n  Ix[ > a on the  b o u n d a r y  

of  the p l a t e  a t  y = 0: 

OT (x, O) _ o 

Oy 
T(x ,  O) = 0 

In th i s  c a s e  

f o r  --  a ~ x .~ a, 

f o r  [xl>a.  

b e + a 2 pe ; 

1 1 

0 

F o r m u l a s  (10) in t h i s  c a s e  g ive  

T l ( x ,  V) = T~(x, V) = T (x, V); 

W [ 1 In (b+Y)2+x2 
T(x, Y ) = ~  2 (b--v)  2 + x  2 + 

In R + a  2 + b  2 + ] / 2 ( a  2 + b  ~)(/t2-x 2 + a  2 + R )  ] + 
(b + V) e + x ~ 

w h e r e  

R = V (y~ -- x 2 + a~) ~ + 4x@.  

The  f o r m u l a  i s  v a l i d  bo th  f o r  0-< y _ < b ,  and f o r y >  b. 
P u t t i n g  a = 0, we  o b t a i n  the  w e l l  known s o l u t i o n  [3] 

w (b + v) e + x 2 
T(x, g)= In 

4~ k (b - -  !1) 2 + x 2 

NOTATION 

k is the thermal conductivity of the plate; T is the 
plate temperature; W is intensity of the heat source; 
6 is the Dirac delta function; ~ is the integral trans- 

formation parameter; J-i/2 is the Bessel function of 
the first kind of order -1/2; J0 is the Bessel function 
of the first kind of zero order. 
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