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An examination is made of a plane stationary heat conduction problem
with mixed conditions assigned on the edge of a semi-infinite plate.
There is a temperature field in the plate due to the action of a point
source of heat located inside the plate.

The problem is solved in a rectangular system of
coordinates, the y axis being perpendicular to the plate
boundary. A source of heat of intensity W is located at
the point with coordinates x = 0,y = b (see the figure).

In this paper the temperature field is determined
for the case when the heat flux is given at the boundary
of the plate in a certain region, and the temperature is
given outside this region. The base of the plate is
thermally insulated.
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Location of a heat source W in
the coordinate system referred.

The integral transformation method is used to solve

the problem.
We require to solve the differential equation of heat

conduction
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with boundary condition
T(x, =T, (x) for |x|>a,

oT (x, 0)
dy
where Ty(x) and G(x) are given functions.

Applying a Fourier transformation [1] to Eq. (1)
with respect to x and taking account of the condition at
infinity, we obtain an inhomogeneous differential equa=-
tion of second order for the function T; this having the
solution

= G(x) for —a<x<a, (2)

Ty y) = cexpl — (b —y) &1+
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+Bexp(b—y) |E] for 0Ly <0,
TyE v) =(Q2{tl+ Brexp[ — (y—b)IEll for y>b. (3)

Here D is a function determined from the boundary
conditions; T (£, y) is the Fourier transform of the fun-
ction T(x,y); Q = W/2rk!/2,

Applying the inverse theorem for the Fourier trans-
formation for the first equation (3), and differentiating
the result with respect to y, we satisfy the boundary
conditions (2).

Thus, we arrive at the dual integral equations
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=T, (x) for |x|] >a. 4)
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Because of symmetry of boundary conditions and of
the location of the concentrated heat source with re-
spect to the y axis, the functions T,(x, 0) and [dT (x,
0)1/dy will be even functions with respect to x in the
interval (==, ©), Therefore, the Fourier cosine
transform of the function T;(x, 0) and [dT(x, 0)]/dy
will coincide with the Fourier transform of these func-
tions.

Taking accournt of the relation

cosE x = (s x/2)l/2-7_1,2(§ x)

and introducihg the new variables

=x/a, u=ak,

the dual integral Egs. (4), after some calculations, .
take the form

\nug (@J_y,, (puydu =h(ap) for 0<Cp <1,
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\ag () _ " (puydu -=0 for p> 1. (5)
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B(u/a) is a Hankel transform of order 1/2 of the

function
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51 u)/a is a Hankel transform of order 1/2 of the func-
tiona®/? Ty@p)/pl/ %
Using the solution of reference [2], we find the de-
sired function
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Returning to the old variables and using formulas
(3), (6), and (9), and the inversion theorem for the Fou-
rier cosine transformation, we find the stationary tem-
perature field in the semi-infinite plate:

Ty (%, y)=]/%j7_’l(§, yycostxdt for O0<y<h,
§

To(x, ) = VIalT, (5 ycosgxdt for y>b. (10)
0

We shall examine the case when a section —g =
= X = g is thermally insulated, or the temperature is
equal to zero at another section |x| > @ on the boundary
of the plate at y = 0:

oT (x, 0)
dy
T(x, )=0 for

=0 for —a<{x<a,

|x{ > a.

In this case
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Formulas (10) in this case give
Ti(x, ) =Tyx, y) =Tx, y)
r WL, (Gfyp+
e I N e
i | R+-+P VA F O~ +a+R)
| (b4 yp+ ’
where

R ZV(yz —x* +v az)z + 4x2y2
The formula is valid both for 0 =y <b, and for y = b.
Putting @ = 0, we obtain the well known solution [3]
AN (O o) e o
dnk b—y)?® + 2*

T(x, y) =

NOTATION

k is the thermal conductivity of the plate; T is the
plate temperature; W is intensity of the heat source;
6 is the Dirac delta function; £ is the integral trans-
formation parameter; J-;/, is the Bessel function of
the first kind of order —1/2; Jg is the Bessel function
of the first kind of zero order.
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